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1. INTRODUCTION

The first well known result on fixed points for contractive map was Banach's fixed point

theorems, published in 1922 (see [3], [6]). In general setting of complete metric space,
Smart([13]) presented the following result.
Theorem 1.1. [1] Let (X,d) be a complete metric space,c[0,1),and let T : X — X be a map

such that for each x, ye X,
d(Tx, Ty)<cd(x,y)

Then,T has a unique fixed point z € X such that for each xe X, limT"(x)=z.

After this classical result, many theorems dealing with maps satisfying various types of
contractive inequalities have been established (see for details [4], [7]-[12], [14]).

In 2002, Branciari ([5]) obtained the following theorem.
Theorem 1.2. [1] Let (X,d) be acomplete metric space,c<[0,1),andlet T: X —X bea

map such that for each x,y X,

d(Tx,Ty) d(x,y)
fedt=<c [o(ndt,
0 0

where ¢:R" — R"isa Lebesgue - integrable map which is summable, non negative and such

that

jw(t)dt >0 foreach £>0.
0

Keywords: Lebesgue-integrable map, Complete metric space, weakly compatible mappings,
Common fixed point.
2010 Mathematics subject classification:47H10

Then, T has a unique fixed point z € X and foreach xe X ,IimT"(X)=z.

In 2007, Boikanyo [3] proved some fixed point theorems for a self map satisfying
a general contractive condition of integral type as an extension of Branciari’s theorem. In [5], it
was mentioned that one can generalize other results related to contractive conditions of some
Kind, such as in [10].
The main purpose of our paper is to obtain some results of a common fixed point theorems for a

pair of self maps satisfying a general contractive condition of integral type,which is extending
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and improve the results of M. R. Singh, L. Sharmeswar Singh[1].
Definition 1.3. [2] Let f and g be two mappings from a metric space (X,d) into itself, f and g is

called weakly compatible if they commute at there coincidence point .
e fx=gx= fgx=gfx forsomexe X .

Definition 1.4. [2] Two self maps f and g of metric space (X,d) is called compatible if

limd(fgx,,afx,) =0, whenever {x.} isa sequence such that

lim fx, =limgx, =t, forsometin X.

n—o0 n—o

Definition 1.5.[2] Maps f and g are said to be commuting if fgx=gfx Vxe X .

Definition 1.6. [2] Let fand g are two mappings on a set X, if fx=gx for somexin X, thenxis

called coincidence pointof f and g.

Throughout this paper, N denotes the set of natural numbers.

2.MAIN RESULTS

Theorem 2.1. Let (X,d) beacomplete metric space. Let a(i=12,34,5)
5

be nonnegative real numbers satisfying Zai <1, T,T,,fandg are four self maps

i=1

of X satisfying the following conditions:

1-T(X) < £(X) and T,(X) < g(X),

2-the pair (T,, f) and (T,,g) are weakly compatible,

d(Tx.Toy) d(fx,ay) d(fx,T1x)
3- j p(t)dt<a, j o(t)dt +a, j o(t)dt
0 0 0
d(ay.T,y) d(fx,T,y) d(gy,Tx)
a, j p(t)dt+a, j p(t)dt +a j o(t)dt, (2.1)
0 0 0

where ¢:R" —R" is a Lebesgue-integrable map which is summable, non-negative and such
g

that foreach £>0, j¢(t)dt >0.Then T,T,, f and g have a unique common fixed
0

pointze X .

Proof: Suppose X, is an arbitrary point of X and define the sequence {y,} in X such that
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yn :szn = an+1 and yn+1 : n+1 - fX (22)

By interchanging x with y , T withT, and f with g, we obtain

d(% yqIx) d(gy fx d(gy T Yy 6, £x D x
ot)E a [ p(ddt,al ¢ (Hdf fao (
0 0 0

0

d(gy.T,x) d(fx,T,y)

va, [ pMdt+as [ et
0 0

(2.3)
Now from (2.1) and (2.3) and using symmetric property, we have
d(TxTy ) d(fxgy ) ta f(O »T ) L a dayTy, . )
[ otyt<a | ¢(@t+4;3 [ etdd TEE3 ) ootd
0 0 0 0
d(fxT,y) d(gy.T;x)
a,+
#(B25) [ pdt+ (255 [ pdt 4
0 0
Using (2.4), for even n, we obtain
d(Yn: Ynia) d(T,%n, T Xn44) d(xy, 9%1,4) a, +a,,4(Pn.TXn)
p(t)dt = ) p(t)dt<a, | p(t)dt + (T) | o(t)dt
0 0 0 0
a +a.3 d(gxn+1'T2Xn+l) a +a5 d(an,TZXml) a +a5 d(an+1,T1Xn)
2 4 4
(G e G [ edte () [ et
From (2.2) we have
d(Yn,Yne1) d(Yp_1.¥n) a3 d(Y,2.Yn) a3 d(Yn.Yne)
pdt<a, | pOdt+(20%) [ p0dt+(22%) [ gt
0 0 0 0
d(Yn-1:Yne1) d(Yn,¥n)
a,+
F25) [ pdt+ () [ gt (25)
0 0
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Again using (2.4), for odd n, we obtain

d(yn+1 Yn ) d Tg.(m- I XUZ ) d an+( g)in ' ) + d an+ T(X.h+ 1 1 )
pdt=" [ pOdi<a, [ pOd+() [ pdts
0 0

0 0

d (g%, ToXn ) A T % ) d g T, 1)

255 [ edt+(HTE) [ pdt+ (2T [ ot
0 0 0

From (2.2) we get

d(Yn yn+1 ) d yr(f 1an d yn7(¥n 1 d yn yn+( 1 )

) )
ott<a [ oo+ X2 )] ptdd 2L ) ot
0 0 0

d(Yn1:Yne) d(Yn,Yn)

H(H25) [ pdte () [ gl @8)
0

0
From (2.5) and (2.6) we observe that

d(Yn yn+1 ) d yr(71an d yn7(¥n 1 a +a d yn yn+( 1 )
2 3

: d, +a )
tpt< 3 tat t dt
ot¥tsa [ o(d+ %57 )] otdy =H=2 ) o

0

d(Yn1:Yne1) d(Yn,Yn)

pOdt+(25) [ ot

a, +adg
G
' 2 0 0

d(Ynq Yn d Y n, d Yn You 2 )

) )
<a | optdte 550 [ gt 25 ) oty
0 0

0

d (yn_j_’ yn) d (yn vYn+l)
a, + a, +
F(B25) [ pdte (5 [ et
0 0

It follows that

d (Yn 7yn+1) d (ynflr Yn)

2a,+a,+a;+a, +ag
t)dt < 2 4 t)dt
| omasGo s | e
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d(Yp_1:Yn) d(yo.¥y)
=r j p)dt<...cceiee, <r" '[ p(t)dt >0 as n—oow
0 0

5
Since r<l1 , owing to the assumption ;ai <1 .Therefore, r!i_r)god(yn,ynﬂ):o

(2.7)

Now we show that {y,} isa Cauchy sequencein X .Let m>n where m,neN.
Without loss of generality , we consider two cases arise:

(1) m isevenwhen n isodd

(I)m isodd when n iseven

Case (I): We choose m and n to be odd and even respectively, by using (2.1) we have

d(Yn Ym ) d(T%0 T ¥m ) d(Oxm fxn ) d 9m T m )
p(t)dt = j p(t)dt<a, j p(t)dt+a, j o(t)dt
0 0 0

0

d(fXn TyXa ) d gnTxa ) d B Tm, )
+a; [ pMdt+a, [ ebdt+a; [ pt)dt
0 0 0

By using (2.2) we have

d(Yn Ym ) d(Yma Yn-1) dyg ym ) dy, O )

pltht<a, [ o(dt+va, | otlha, | otde
0 0 0

0

d(ymfllyn) d(ynferm)

a, j p(t)dt+a, j p(t)dt.

0 0

Now from (2.7) and triangle inequality , one can find that
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d(Yn,Ym) d(Ym-1,Ym) d(Ym;Yn) d(Yng:Yn)
p(t)dt<a, j p(t)dt+a j p(t)dt+a, j o(t)dt
0 0 0

0
d(Ymsg Ym ) dylyn ) dyp (¥ mr» ) d(Ym ¥n )
a, j o(t dt+a, j o (di+a , j (ot©t)+a4_[ ot dt
0 0 0 0
d(Yn_1.Yn) d(Yn,Ym)
ra [ oMdt+a; [ o)t
0 0
d(Yn,Ym) d(Ym_1:Ym) d(Yn_1:Yn)
- f)dt < (At Rt t)dt+ (1%t t)dt
Oj o(t) (1—a1—a4—a5) Oj o(t) (1—a1—a4—a5) Oj o(t)
d(Yo Y1) dy(y 1)
<R T8 g1 Lyt (B8BTS g1 ot
1-a-a,-a; d[ l-a-a,-a 6[

d(Yp.¥1) d(yoayl)
<rmt I p(t)dt+r"t I p(t)dt -0 asnm-—o since r<l.
0 0

Case(ll): we choose mand n to be even and odd respectively.

From (2.1) and repeating the steps of case (1) also we have

d(Yn ym )
ptdt — 0 nas —o.
0

Then {y,} isa Cauchy sequence in the complete metric space X ,3 apoint ze X
Such that rI]im Y, =12

=limfx =z

= m Ty, =lim g,z and s, =fim
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i.e limT,x, = lim gx
—>0

nN—

=limTx

N—>o0 nl Ilm an+2 =1z

n+l n—oo

(2.8)

Since T(X)< f(X), 3 apoint ue X suchthat z= fu.
From (2.1) we get

d (Z,TZU) d (TXn+1 ,TZU) d ( an+l'gu) d ( fXn+1 'T1Xn+l)
o(t)dt = j p(t)dt <a, j p(t)dt +a, j o(t)dt
0 0 0 0

d(gu,T,u) d (X9, Tou) d(gu,TyX,,4)

va, [ pWdtva, | edira, [ @)
0 0 0

By taking the limitas n—oo and by (2.8) we have

d(z,T,u) d(z,gu) d(z,z)
[ oydt<a | o@®)dt+a, [ e(t)dt
0 0 0
d(gu,T,u) d(zTu) d(gu,z)

+ d d . d
3, Of p(t)dt+a, Oj o(t)dt +a Oj o(t)dt

d(z,gu)
<a, j @ (t)dt

0]

d(gu,z) d(z,T,u) d(z,T,u) d(gu,z)

va; [ pM)dt+a, [ ot)dt+a, [ et)dt+a; [ )t
0 0 0

0
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d(zgu ) dz@u, )
<r I p(t)dt < '[ o(t)dt since (r<1). (2.9)
0 0

If z#T,u, sowe have a contradiction in (2.9) (~T,<09).
Then z=T,u,so fu=T,u=z.Hence is coincidence point of f and T,.
Since the pair of maps f and T, are weakly compatible,then
T,fu=fTu, ie T,z=1fz.
(2.10)
Again since T,(X) < g(X), there exists a point v e X suchthat z=gv.
Then by (2.1) and applied the same above steps, we can find that Ty =z.
Therefore Ty=gv=z,s0 v isa coincidence pointof T, and g.
Also the pair of maps T, and g are weakly compatible,
gTv=Tov ie gz=T;z
(2.11)
Now we show that z is a fixed point of T, , by using (2.1) we have

d(z T,z ) d(TXy, 1l %) d &, & ) d Xl Thner 1)
j o(t)dt = j p(t)dt<a, j o(t)dt+a, j o(t)dt
0 0 0 0

d(gz,T,2) d(fxy,1.T52) d(9z,Txy,1)
va, [ odt+a, [ p®dt+a; | ()t
0 0 0

Taking the limitas n— oo we get

d(z,T,2) d(Z,92) d(z,2) d(9z.752)

[ othdt<a [ ot)ydt+a, [ o(t)dt+a, [ oft)dt
0 0 0

0

d(z,T,2) d(gz,2)
+a, j p(t)dt +a, j o(t)dt
0 0
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d(z,9z) d(z,92) d(z,7,z) d(z,T,2) d(z,92)

<a j p(t)dt +a, j p(t)dt +a, j p(t)dt+a, j p(t)dt +a, j p(t)dt
0 0 0 0 0

d(zgz ) dz@z, ) dzgz , )
(At %tE t)dt<r t)dt < t)dt (since r<1 )
ooy | od=r [ od< [ o) <

If z+#T,z we have a contradiction, hence z=T,z
ie from(2.10)weget z=T,z= 1z
(2.12)
Also by the same way we can show that z is a fixed point of T, hence z=Tz
e from(2.11)weget z=Tz=0z
(2.13)
From (2.12) and (2.13) we obtain that
z=T, = fz 7F g:
Therefore z is a common fixed points of T,,T,, f and g.
For uniqueness of z let if possible that z and w are common fixed points of
T,T,,f and g

Such that (w= z), from (2.1) we have

d(z,w) d(T,z,T,w) d( fz,gw) d(fz,T;2)

j(p(t)dt: j p(t)dt<a, j p(t)dt +a, j p(t)dt
0 0

0 0

d(gw,T,w) d( fz,T,w) d(gw,T;2)
+a [ gMdt+a, [ eMdt+as [ et
0 0 0
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d(z,w) d(z,z) d(w,w) d(z,w) d(w,z)

<a, j p(t)dt +a, j o(t)dt +a, j p(t)dt+a, j o(t)dt +a, j o(t)dt
0 0 0 0 0
d(z,w) d(z,w) d(z,w)
=N j p(t)dt<(a,+a, +a;) j pt)dt<r j pt)dt (since r<1 ).
0 0 0

i.e Z isaunique common fixed point of T,T,, f and g.
Ifwe put f =g inthe above theorems we get the following corollary.
Corollary 2.2. Let (X,d) be a complete metric space suppose that the mappings T,,T, and f
are self maps satisfying the following conditions:
1- T,(X)< f(X) and T,(X) < f(X)
2-the pair (T,, f) and (T,,g) are weakly compatible,

d(Tx.Toy) d(fx fy) d(fTix)

3- j p(t)dt<a, j p(t)dt +a, j o(t)dt

0 0 0

d(fy.Toy) d(x.Toy) d(fy.Tx)

+ a, j p(t)dt+a, j o(t)dt +a j p(t)dt

where ¢:R" —R" is a Lebesgue-integrable map which is summable, non-negative and such

&
that jgo(t )dt- ( foreach £>0.Then T,T, and f have a unique common fixed point
0

ze X.

REMARK

(i) Theorem 2.1 (cf.[1]) is a special case of Theorem 2.1 by taking f =g =1 (1 isthe identity
mapping). (ii)By taking ¢(t)=1 in Theorem 2.1, we obtain the contractive condition of the

Theorems 2.1 not involving the integral.

(iii) Theorems 1.1 is a consequence of Theorem 2.1 If we take f=g=1, T, =T,=T,

a=a=a,=3;=0 and a =c, 0< c<1.
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